Maximum Likelihood Estimation for Independence Models
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1 Proposition 5.3.8

Let M, 5 be the model of independence of two discrete random variables, with r; and ro states respectively.
Let u € N™*"2 be the table of counts for this model obtained from i.i.d. samples from the model. Let
Uiy = Dy, Wiyip and ugg, = Y, U4, be the table marginals, and n = 37,  w;,;, the sample size. Then
the maximum likelihood estimate for a distribution p € M; 5 given the data u is

A Uiy 4 * Uiy
Piyi, = T
2 Proof
2.1 The Contingency Table Setup
Observed data
Xl\X2 X2 = X2 = s X2 =T2 Row Totals
X;=1 Ui U2 s Ulry U4 = 222:1 Uyj
T
X, =2 U2 Ugo e U, Uny =D 2 Ua;
T
Xi1=mn Ury 1 Ury 2 T Upyry Ury+ = Zj2:1 Uy j
T T T T T
Column Totals | uy1 =D 1w Ug2 =) ;0 W2 -0 Ugpy, =2 2qUipy | R =) .1 j2:1 U5




2.2 Notation:

o wu;;: observed count for (X; =i, Xs = j)
e u;y: row total for X3 =4

e uy;: column total for Xo = j

n: total sample size

2.3 Model Setup

Distribution p € Ar belongs to the independence model M 5 if and only if:

P(X1:27X2:]):P(X1:Z)P(XQZJ) foralli,j

Piyiy = i, Bi, for all i, j
Let:
* Oy —P(Xl —21) foril — 17'“;7”1

o Bi,=P(Xao=ig)forig=1,...,79
e A, r,—1 denotes the probablhty simplex:

AT17'2—1 = {P € thm : 1112 > 0 Z Z i1i2 1} .

11=11i0=1

for some o € A, 1 and S € A,y

The constraints are:

Qg > 07 /Big > 07 i Qi = 13 i Biz =1

i1=1 ip=1

2.4 Likelihood of Independence Model

a,f | u) = H H (0, Biy )12

’Ll 112 1

2.4.1 Log-Likelihood Function

Taking the natural logarithm (which preserves maxima since log is monotonic increasing):

la,B | u)=log L, B | u) Z Z Uiy i, log (e, Biy)-

Zl 112 1
1 T2
E(a75 ‘ U) = Z Z Uiyig [loga’il + log Bzz]
i1=112=1

Separate the double sum:



( B | U Z (Z uulz) log avj; + Z (Z uuzz) log B,

i1=1 \iz2=1 io=1 \i1=1

Recognize the marginal totals:

T2

Ui+ = E Ujyig,  Utis = § Uiqig-

10=1 i1=1

Thus:

T2
a, B | u) Z i, + log oy, + Z Uiy 10g Bi, -

21 1 i2:1

Note: The log-likelihood separates into two independent parts: one involving only a and the other involving
only 5.

Maximization w.r.t « and 3, respectively subject to the constraints define earlier.

2.4.2 Maximizing with Respect to «

To maximize:

Z Uiy + log Qg

11—

subject to the constraints a;, >0 and Y 7' o, = 1.

We use the method of Lagrange multipliers. Define the Lagrangian:

Z u11+10ga11 + A (1 - Z au) )

11— 11 1

where A is the Lagrange multiplier.

Take partial derivatives with respect to oy, :

8£a o Uiy + 2\

= =0 fori;=1,...,r1.
60&1'1 Qi
Solving for oy, :
U; U
it =\ = = i1t
Qi A
From the constraint Y ' o, = 1:
71 71 U
Z1+
E Qi = § Wiy + = L.
11:1 il—l Zl 1

1
But ;. _; ui,+ = n. Hence,



Therefore,

A Uiy + .
by = ;L forip =1,...,71.

2.4.3 Maximizing with Respect to §

Similarly, we maximize:

T2
g =" uyi,log By,

i2=1

subject to 3;, > 0 and 7%, 3;, = 1.

ip=1

Define the Lagrangian:

Eﬁ(ﬂ?”) = Z Utiqy 1ogﬂiz +HJ (1 - Z Bm) 5

12=1 ip=1

where p is the Lagrange multiplier.

Take partial derivatives:

a‘CB _ Uiy
a/Biz 57;2

—u=0 foriz=1,...,79.
Solving;:

Ui
Bip = =2,
I
Using the constraint Y :*_, 8;, = 1:

T

iﬂi?iwiiuﬂél'

i=1 =1 P ia=1
But Y77* | uyi, = n. Therefore:
n
—=1 = pu=n
W
Sub. p=mn:
A Ui
ﬁm: 12 for Z‘2:]-7"'”02



2.4.4 MLE for Joint Probabilities
Since p;,i, = &, B, under the independence model, the maximum likelihood estimate is:

Pirin = i B _ Wi Uiy Uiyt Udip
1117 - 1 K2 - - .
122 1 2 n n ’/l2

NB: the MLEs for these marginals are their empirical frequencies.

2.4.5 Verification of Constraints
Check that p;,;, satisfies the probability constraints:

1. Non-negativity: p; ;, > 0 since u;,+ > 0, u44, > 0, and n > 0.
2. Sum to 1:

71

T2 T1 T2 U "
N i1+ " Ytio
P DD DD D
n

i1=112=1 i1=112=1

{5 (5
i1=1 ig=1

:7-n-n:1.
n2

Hence, p;,;, is a valid probability distribution.

3 Example

Consider a 2x2 contingency table:

Success Failure | Total
Treatment 45 15 60
Control 30 30 60
Total 75 45 120

Here:

e uyy = 60, usy = 60 (row totals)
o Uyy =75, upgs = 45 (column totals)

e n =120

Under the independence model:

P11 = 601;0275 = ;14540000 = 0.3125
P12 = 62;0;1 "= 12410000 = 01875
Pag = % = 0.1875

Check: 0.3125 + 0.1875 + 0.3125 + 0.1875 = 1.0000.
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