Implicit models

Using Lagrange multipliers to find *all* critical points

Math 561 spring 2023. (slides from K.Kubjas, with permission)



Lagrange multipliers

* Recall that the method of Lagrange multipliers is used to solve the following
constrained optimization problem:

max f(x)
subjectto g.(x) =0fori =1,...,k

 The of this optimization problem is
k
L(x, 2) = f(x) = ) Ag(x).
i=1

» Example: L(x, ) = l(p|u) — A{(py1 + p1a+Poy + P — 1) — L(p11P20 — P12P21)



Lagrange multipliers

The constrained critical points of f are among the unconstrained critical
points of L. Hence one has to solve




Lagrange multipliers

281 u,

The gradient of the log-likelihood function is (p— p—). Hence:
1 r




Lagrange multipliers

. gives a system of polynomial equations:
gl — O, ooy gS = U,
k k
0g. 0g.
=Py Y A =0,y p, Y At =
i=1 opi i=1 Py

 When clearing the denominators, one might intfroduce new solutions
where one of the p; is zero (but this happens only if one of u; is zero)



Lagrange multipliers

» In the statistical setting, one constraintisp, + ... +p,=1.Setgo,=p,+ ... +p,— 1.

k k

0g. Oo.
. Thenu; — p, Z A o 0,...,u, —p,,z /liﬁ = () is equivalent to u being in the
i=0 op i=0 op;
row span of the augmented Jacobian matrix
P1 %) Pr
% % %
| P1 o, P> e Pr .
J = : : :
Y % %
P1 7, P> e Py .



Lagrange multipliers

 Example:
L(x,A) = l(p|lu) — A(p1; + 1o+ Py + Do — 1) — (p11P22 — P12P21)

« p € V(I) is a critical point of [(p | u) if u is in the row span of the matrix

P11 P12 P21 P22
P11P22 —P12P21 —P12P21 P11P22



Lagrange multipliers

Consider the ideal /, generated by: g4, ..., &,
k k

0g; 0g;
Uy —p; ) A—, ..o, —p, ) A—.
; apl ; apr

Whether the variety of the ideal is finite, can be checked with the command
dim(/;): dim=0 means that the system has finitely many solutions.

If there are finitely many solutions, then can be computed
with

The solutions can be found for example with the solve command in Mathematica.



