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18 January 2023

Group members: Write your names here.

1 Conditional independence axioms

Fill out blanks in the proof of Proposition 1.0.1. We start by recalling some
definitions from the lecture.

Definition 1.0.1. Let A C [m]. The marginal density fa(xa) of X4 is obtained
by integrating out Ty, A

fa(za) = / F(@a, T\ A)dT )\ 4
Tim\a

for all x 4.
Let A, B C [m] be pairwise disjoint subsets and let g € Xp. The conditional
density of X 4 given X = xp is defined as

f S} (w »Z ) ),
fA|B($A|xB) = { Afi(m?s) = foB<1'B) > 07

0 otherwise.

Definition 1.0.2. Let A, B,C C [m] be pairwise disjoint subsets. We say that
X 4 is conditionally independent of Xp given X¢ if and only if

fausjc(xa,zBlzc) = fajc(xalze) feic(zBlTC)
forall za,xp,xc.
Proposition 1.0.1. Let A, B,C,D C [m] be pairwise disjoint subsets. Then
(i) (symmetry) Xa 1L Xp|Xe = Xp I XalXe
(i) (decomposition) X4 1L Xpyp|Xe = Xa 1L Xp|Xc
(iii) (weak union) X4 1L Xpip|Xe = Xa UL Xg|Xcup
(iv) (contraction) X 1L Xp|Xcup and X4 1L Xp|Xe = Xa U Xpup|Xe



Proof. (i) The proof of the symmetry axiom follows from _ (select
one: associativity / commutativity / distributivity) of multiplication.

(ii) Assume that X4 1l Xpp|X¢c holds. By Definition 1.0.2, this is equivalent
to the factorization of densities

(1)

Marginalizing this expression over Xp (i.e. integrating out xp from both sides
of the equation, see the first part of Definition 1.0.1) gives

This is equivalent to the conditional independence statement X 4 1l Xp|Xc.
(iii) As in (ii), the conditional independence statement X4 1L Xpup|Xe is
equivalent to Equation (1). Conditioning on Xp (i.e. dividing through by
fpjc(zpl|rc), see the second part of Definition 1.0.1) gives

This is equivalent to the conditional independence statement X4 1 Xp|Xcup.
(iv) Let z¢ be such that f(xe) > 0. By X4 1L Xp|Xcup, we have (use
Definition 1.0.2)

Multiplying by feup(zc,zp) gives

fauBucup (T4, 2B, TC, D) = - fBleup(zBlTC, 2p).

Dividing by f(xz¢) > 0 we obtain

fauBupic(Ta, B, Tplrc) = - fBlcup(zBlTC, 2D).

Using the conditional independence statement X4 1L Xp|X¢e, we get

fauBupic(Ta, B, TplC)

= 'fB\CuD($B|33C,$D)

Jajc(zalze) feupic(TB, TplzC),

which means X4 1l Xpup|Xe. O



